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Ixically  bounded  weak  solutions  of  TTT:  1 T y-  i-n  the  introduction*  are  proven 
to  be  locally  Holder  continuous.  Holder  estimates  are  also  derived  up  to  the 
boundary  for  both  Dirichlet  data  and  (non-linear)  variational  data.  Via  a 


counterexample  we-sbow  that  non-nenative  solutions,  in  general,  do  not  satisfy 
the  parabolic  version  of  the  Harnack  inequality. 
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SinNIKirANCF  ANP  F.XPI.ANATION 


We  consider  a  general  class  of  parabolic  equations  describinq  phenomena 
of  non-linear  diffusion.  A  prototype  is  the  equation 

ut  -  div( lnulP~2°u)  »  0,  p  >  2  . 

Estimates  concerninq  the  local  and  qlobal  Holder  continuity  of  the  weak 
solutions  are  supplied. 

The  main  point  here  is  to  prove  such  results  on  the  sole  assumptions  that 
the  coefficients  are  bounded  and  measurable.  On  physical  grounds  this  means 
that  a  high  degree  of  irreqularity  is  allowed  on  the  structural  functions 
governing  the  diffusion,  such  as  conductivity,  porosity,  heat  capacity  etc. 

The  local  behaviour  of  such  quantities  is  essentially  unknown  and 
experimentally  only  certain  rounded  off  averages  can  be  measured.  It  is 
therefore  desirable  to  prove  qualitative  and  quantitative  facts  about  the 
diffusion  process  without  assuming  any  sort  of  regularity  on  these  quantities. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


ON  Tin:  I.orM.  BdlAVtnllK  OF  SOI.IJTIONS  OF  DECENEVATE  PARABOLIC 


EQUATIONS  WITH  MEAS'IRAFLE  COEFFICIENTS 
E.  DiBrnodetto 

0  .  1  lit  t  udiic t )  <>n 

H 

Wt.  will  |  u  ovc  interior  and  boundary  Holder  continuity  lor 
uiuk  solut  ion:,  of  dojencrate  parabol  it*  equations  with  principal 
part  in  divem*  nee  form,  of  the  type 

(0.1)  u.  -  div  a(x,t,u,v  u)  +  b(x,t,u,7  u)  =0  in  0'{u  ) 

t  XX  1 

M 

v;here  is  a  region  in  IK  ,  -  u  *  (0,T)  ,  0  <  T  <  »  ,  and 

V  denotes  the  gradient  witn  respect  only  to  the  space  variables 
x  (xl ,  x2  ,  .  .  .  ,  xN)  . 

2*’  +  2  N  2N  +  2 

The  functions  a  :  IR  ♦  IR  and  b  :  IR  >  3R  ,  are 

only  assumed  to  be  measurable  and  satisfying  the  structure  condi¬ 
tions 


[Aj]  a  (x ,  t ,  u ,  V^u )  •  Vxu  <*  C0|vx«|p  -  $Q(x,t)  ,  p  >  2 

(A2)  |ai  (x,  t,u,Vxu)  |  •  ci!vxulP  1  +  «1(x,t)  ,  i  =  , 

[a3J  |b(x,t,u,Vxu) |  •  c2|vxu|p  +  $2(x,t)  , 

where,  i  =  0,1,2  denote  given  positive  constants  and  » 

i  =  0,1,2  are  given  non-negative  functions  defined  on  and 

subject  to  the  conditions  (*) 


[a4I 

where 


p* 

♦  0  *  *  ♦  2  *  kq  £.  ( 0  >p ) 

11  * 

i  +  — r  =  1  and  q  ,  r  1  and  satisfy 

P  P 
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(0.2) 


1  N 

—  4  — 

i  V! 


1  - 


’  1  ' 


and 


(0.2) 


q  •  U.-l  ;  i  1  i  -  p  ( i  -  )  - 1 1  ;  Ki  '  (0'lp  ] 

if  N  -  l 


(0.2) 


(ii) 


If 


1  ‘pll-j) 
if  N  »  1  ,  p  •  N 


#  “■  ]  ;  r  •  1 1 — — ,  *  1  ;  <  •,  «  (0,1) 
1  x 


(0.2) 


(ii  i)  <1  <  ( 


N 


p(l-^1) 
if  1  <  N  <  p 


,  ®1  ;  r 


A  K 1  A  p 


Given  the  structure  conditions  {A^J-IA^J,  the  degeneracy  of  (1.1) 
is  of  the  same  nature  of 


(0.3)  ut  =  div(|Vxu|P  2VU)  in  P'(0T)  ,  p  >  2  . 

When  p  =  2  ,  major  developments,  in  the  theory  of  local  regu¬ 
larity  of  (0.1)  have  been  brought  about  by  the  discovery  of  the 
Harnack  inequality  of  Moser  [14,15],  for  linear  elliptic  and  parabolic 
equations  with  bounded  and  measurable  coefficients.  The  Harnack 
inequality  can  be  used  to  imply  the  local  Holder  continuity  of  the 
solutions.  The  latter  regularity  statement  had  been  proved  pre¬ 
viously  by  De  Giorgi(3]  in  the  elliptic  case  and  Ladyzenska ja- 
Uralt’zeva  [11)  in  the  parabolic  case. 

In  the  case  of  an  elliptic  equation,  the  extension  of  these 
results  from  p  «  2  to  any  p  >  1  is  quite  direct  and  the  theory 
can  now  be  considered  fairly  complete  116,17,19). 


J 


The  parabolic  case  i;;  complicated  by  the  di  s;;immetr  y  of  the 
space  and  time  parts  of  the  operator  in  (0.1),  and  at  our  knowledge 
no  regularity  results  an  available  if  [j  differs  from  2.  In 
particular,  non-negative  weak  solutions  of  (0.1)  do  not  in  general 
satisfy  the  Harnack  inequality.  To  sec  this  we  consider  the  fol¬ 
lowing  explicit  solution  of  (0.3),  constructed  in  [11. 


(0.4)  u(x,t)  =  < 


,  |x|  *  R(t) 


(0.5) 


R(t)  =  ( l  Up  +  p  +  2 1  Ell  t)NP+'p+T 


t  >  0  . 


This  solution  exhibits  a  behaviour  similar  to  the  solutions  of  the 
porous  medium  equation;  that  is,  it  is  of  compact  support  in  the 
space  variables  for  all  t  >  0  .  Clearly  for  a  cylinder  Q  inter¬ 
secting  the  free  boundary  |x|  =  R(t)  ,  the  Harnack  inequality  fails 

to  hold  (see  also  Remark  B  section  7  of  (4J  p.116).  Neverthless 

1  +  a  N 

the  solution  u  is  C  (IR  *(e,T])  ,  V  0  <  e  <  T  <  »  . 

By  a  weak  solution  of  (0.1)  in  ,  we  mean  a  function 

u  «.  V-  L*(a))  n  LP(0,T  ;  HP(rt))  ,  satisfying 

*  9  P  * 


(0.6) 


(  u  (x, 


t) ♦ (x, 1 )dx 


♦  a (x, t,u, V^u) 


vx4  +  b(x,t,u,vxu)*)dxdt  = 


0 


4 


"1  0 

for  all  <  W  '  (w^)  such  that  <*t  r  I,2<**T)  ,  and  for  all  ti  , 

t2  ,  0  t  •  t2  T  . 

We  us. sin c  throughout  that 

lAfj]  u  ■  L“  (,jt) 

Remark  0.1:  If  [A^]  is  replaced  by  the  more  restrictive  condition 
(A3r  I  b(x,  t,u,V  xu)  I  •.  C2IVXUIP  1  +  *2(x/fc)  ' 

then  a  local  L  bound  for  u  can  be  calculated  by  a  simple 
modification  of  De  Giorgi-Moser  technique  (see  for  example  (11] 
page  102-109) .  The  proof  gives  an  explicit  but  complicated  (due 
to  the  mentioned  dissimetry)  bound  of  HuII®(q  over  a  cylinder  Q  in 
terms  of  the  ||u||  ,  over  a  larger  cylinder  Q*  .  We  have  chosen 

P  f  W 

to  omit  such  calculation  since  they  result  from  a  variant  of  known 
techniques . 

With  3U  we  denote  the  boundary  of  and  set 

<o.7)  sT  an  *  (0 , t]  ;  r  =  sTun  *  (o)  . 

Clearly  r  is  the  parabolic  boundary  ot  nT  . 

The  statement  that  a  constant  y  depends  only  upon  the  data, 
means  that  y  can  be  calculated  only  in  dependence  of  the  various 
constants  appearing  in  ,  ||u||^  and  the  dimension  N  . 

We  can  now  state  our  main  results. 


5 


I.  Interior  r c y u 1 . i r i t y 

Theorem  1  Let  u  (  V  {,..„)  L*  be  a  weak  solution  of  (0.1), 

-  z ,  p  I  i 

and  let  [A^J  —  [A^J  liold.  Then  (x,t)  •»  u(x,t)  is  locally  Holder 
continuous  in  T  and  for  every  compact  set  K  n  ,  there  exist 
a  constant  r  depending  only  upon  the  data  and  dist(K,!')  ,  and 
a  constant  a  ■  (0,1)  depending  only  upon  the  data,  such  that 

|u(x1,t1)  -  u(x2,t2)|  >  {  |  x  x  -  x  2  J  J  +  |t1-t2ia/p)  , 

for  every  pair  of  points  (x^,t^)  ,  (x2,t2)  -  K  . 


Remark  0.2:  Since  our  arguments  are  local  in  nature  to  prove 
Theorem  1,  we  do  not  need  to  have  a  solution  in  the  whole  fi„ 
It  is  sufficient  to  have  a  "local"  solution;  i.e 


U  .  v|f=(nT) 


L^Qc(0t)  ,  satisfying  (0.6).  Also  we  may  assume 

*2  ‘  OV  * 


II.  Boundary  regularity 


II-(a)  Regularity  at  t  ~  0 

We  assume  that  (0.1)  is  associated  with  initial  data 

(0.8)  u (x  ,  0)  =  uQ (x)  , 

and  on  Uq 


assume 


c 


1  a  )  x  *  un(x)  is  continuous  in  .  with  modulus  of  continuity 

6  0 

• 

finer  we  , is  sumo  that  u  .  J(0,T  ;  L‘  (..)  )  ,  the  initial  datum 

(  .  •• }  is  t  iki-r.  in  th*  SftlSt  Of  (0.6)  -.dor.-  t  J  •  o  . 

Tbeoren  2:  Let  u  ■  C(0,T  :  L 2  (U)  )  n  LP(0,T  ;  HP(Si))  be  a  weak 
solution  of  (0.1)  which  takes  on  initial  data  (0.8)  and  let  [A^]- 

O 

[A,]  hold.  Then  (x,t)  -►  u(x,t)  is  continuous  in  ft  «  10, T]  ,  and 
6 

for  every  compact  set  K  ■  0  there  exist  a  function  p  -*■  w(p)  i 

IR+  -►  IR  +  continuous  and  non-decreasing  such  that 

1 

!u(x^,t^)  -  u ( x  2 , t  j )  |  ^  w  (  | x^-x2 |  +  ^ 

for  every  pair  of  points  (x^,t^)  ,  (  ^  •  Tbe 

function  w ( • )  can  be  determined  in  terns  of  the  data  and  wq(-)  ’ 
If  in  particular 


uIq(p)  -p  ,  J  t  (0,1)  , 


then  ( x ,  t )  -*  u(x,t)  is  Holder  continuous  in  Q  *  [  0 ,  T ]  ,  and  for 
every  compact  set  K  U  there  exist  a  constant  y  depending  only 

upon  the  data  and  dist(K,30)  ,  and  a  constant  a  <  (0,1)  depend¬ 

ing  upon  the  data  and  a  such  that 

|u<x1*t1)  -u(x2,t2)|  '  y(|x1-x2|J  ►  |t1-t2|:/P) 
for  every  pair  of  points  (x^,t^)  ,  (x2»t2)  t  K  *  [ 0 , T )  . 
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Remark  0.3  If  x  ♦  Ug(x)  is  only  known  to  be  continuous  in  a 
open  subset  .1'  of  ..  then  the  stated  regularity  can  only  be 
claimed  in  the  set  *  (0,Y)  . 

II-  (bj  ...  j^^rity  at  ST  (umch let  data) 

The  boundary  9  ft  is  assumed  to  satisfy 

[A?]  3a#  t  (0,1)  ,  Rq  >  0  such  that  VxQ  £  90  and  every  ball 

B(Xq , R)  centered  at  xQ  ,  with  radius  R  <  RQ  , 

measln  n  B(xQ,R)]  «•  ( 1-u*  )  meas  B(xQ  ,  R)  . 

We  suppose  that  (0.1)  is  associated  with  Dirichlet  data  f(x,t) 
on  ST  (taken  in  the  sense  of  the  traces)  satisfying 

(Aq]  ( x , t )  -  f(x,t)  is  continuous  on  S  with  modulus  of 

continuity  ( • ) 

QO 

Theorem  3  Let  u  <  Vn  „(n„,)  n  L  (0,,,)  be  a  weak  solution  of  (0.1) 

—————  £  f  pi  l 

associated  with  Dirichlet  data  f  on  $T  ,  and  assume  that  [A^- 

[  A . )  and  IAJ~IA0]  hold.  Then  (x,t)  -►  u(x,t)  is  continuous  in 
4  7  a 

ft  *  (0 ,T]  and  Vt  >  0  there  exist  a  positive  non-decreasing  con¬ 
tinuous  function  p  *  w^fp)  :  IR+  -*  IR+  such  that 

1 

|u(x1,t1)  -  u(x2>t2)|  <  w£(|x1-x2|  +  it1“t2lP  > 

for  every  pair  of  points  (x^,t2>  ,  (x2,t2)  t  ft  *  U,T]  .  If  in 


particular 
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«f  (<)  =  r6  ,  8  c  (0,1)  , 

then  (x,t)  «  u(x,t)  is  Holder  continuous  in  ..  >  U,T)  Vl  >  0  , 

and  there  exist  a  constant  >  depending  only  upon  the  data  and 
i  ,  and  a  constant  c  *  1 0 , 1  >  depending  upon  the  data  and  6  , 
such  that 


k  B/p 

|u(x1,t1)  -  u(x2,t2)|  ■  y(|x1-x2|  +  ) 

for  every  pair  of  points  (x^t^  ,  (x2»t2)  c  n  *  [c,Tj  . 

Remark  0.4  If  the  Dirichlet  data  f  is  only  known  to  be  contin¬ 
uous  in  a  open  subset  S'  of  S  (open  in  the  relative  topology 
of  ST)  then  the  stated  regularity  can  only  be  claimed  up  to  S'  . 

Corollary  0.1;  Consider  the  boundary  value  problem 

(0.9)  u fc  -  div  a(x,t,u,Vxu)  +  b(x,t,u,Vxu)  =0  in  fiT 

(0.10)  u(x,t)  =  f(x,t)  ,  (x,t)  c  S 

(0.11)  u (x, 0)  =  uQ(x)  *  X  c  a  , 

where  x  »  Uq  (x)  satisfies  (A^J  and  (x,t)  -*  f(x,t)  satisfies 
(Ag)  and  assume  that  {A^J  holds.  Lvery  bounded  weak  solution 
of  (0.9)  —  (0.11)  (in  the  sense  of  identity  (0.6))  is  continuous 

_  H 

in  .  In  particular  if  u^  is  Holder  continuous  in  0  and 

M  _  » 

f  is  Holder  continuous  on  ,  then  u  is  Holder  continuous 


in 


O 

T  # 


nrpnOOUCFO  AT  OOVfRNMPNT  FxppN«;£ 


'it  1 1  1 1  v  at  r>  (Vur  i .1 1  i onu_l  ji  it  a) 


as:-u:v  tv  re  th.it 

,1 


u  >. 


nu !. ;  !  o  1  1  in  IK 


::-i 


■  r.iilly  the  probh-r.; 


a  -dr.’  a(x,t,u,Vxu)  +  blx.t.u,’,^)  =0  in  :.'T 


<  ’  .  ’•  ; ' 


(x,t,u,V  U)  •  n  (x,t)  ~  g(x,t,u)  ,  on  S 


.  i  • 


u(x,0)  =  u  Q  ( x )  ,  x  <  a  , 


c  n„  -  (n  ,  n  )  denotes  the  outer  unit  normal  to 

°T  X1  X  2  XN 

>)n  the  function  g(x,t,u)  wc  assume 


j  g  is  continuous  over  S^,  ■>  IR  and  admits  an  extension 

y(x,t,u)  over  „T  such  that 


( -■ .  r>  i 


4 

6  X  . 


q  (x  ,  t  ,u)  !  »  !u  '  g  (x,t  ,u)  |  ■ 

tf  II 


c  JuiP_1  +  c 


‘.or  two  given  non-neyati ve  constants  . 

By  a  weak  solution  of  (0.12)  -  (0.14)  wo  mean  a  function 
u  •  V ^  p(..,r)  satisfying 


(0.16) 


u  9  dx 


♦  Mx ,  t ,  u,  v^u)  i  Idx  d  i 


g  (x,  r  ,u)  ? do  d-t  , 


"1  3  a 


•-  d  - 

■  in  !i  t  !.,it 


RrpporxirFn  at  oovf*wttfrNT  fxpfnsf 

lo 

denotes  t  he  11^  ^ -nv.e.m  ,  on  1  ;i ,  tot  .ill  ) 

’t  '  )  »  mid  for  Oil  ,  t  2  satisfying 


t  , 
i 


T  . 


rh.")t_.-:n_  4_  bet  u  .  v2fP<-T>  ■'  L  ( -*T)  be  a  weak  solution  of  (0.12)- 
,0.M)  in  the  sense  of  identity  (0.16).  Then  (x,t)  -►  u(x,t)  is 
1  tA'nt  inuous  in  »  [>  ,T]  ior  all  i  >  0  ,  and  there  exist 
.et  ant  depending  only  upon  the  data  and  i.  ,  and  a  con- 

t"::*  -  *  (0/D  depending  only  upon  the  data,  such  that 


u<xl,ti)  -  "l*2't2)  i  ■  \  C|xA-x2f  X  |t1-t2jX/P) 

:  >r  «  -vry  pair  of  points  (Xj.t^  .  (x2,t2)  f  sT  *  (c,Tj  . 

It  in  addition  x  •  Uq(x)  is  Holder  continuous  in  i7  ,  then 
a  1.’.  holder  continuous  in  «T  and  the  constant  y  can  be  taken 
i  ndep.,  noci.t  of  t  ,  ^whereas  the  Colder  exponent  X  will  depend 

M 

a :  sc,  jjxj n  the  Holder  exponent  of  Uq  . 

•g-mark  0  .  '>  When  p  *  2  the  integrabi  1  i  ty  conditions  in  £  A  ^  1 
coincide  with  the  requirements  imposed  in  111),  and  these  arc 
know:,  to  be  the  best  possible  (101. 

•/eir.irk  0.j>  If  the  functions  aix.t.u.v^u)  and  b(x,t,u,v^u)  are 
u i  i ! < : entiable  and  satisfy  further  restrictions  then  one  can  prove 

M  ® 

truit  (x#t)  -*  V^u  is  Holder  continuous  m  ;  in  fact  such  a 

result  holds  also  for  systems  (see  (6,71).  The  point  here  is  of 

course  to  prove  the  stated  regularity  only  under  the  hypothesis 
» 

that  a  and  b  are  measurable.  An  extension  of  our  results  to 
systems,  due  to  the  generality  we  consider,  is  not  expected.  It  is 
in  fact  false  even  in  the  elliptic  case  (see  (81  for  a  survey). 


IT-'*'* 

i 


Remark  0.7  The  proof  presented  here  shows  that  the  \ urious  Holder 
constants  and  exponents  in  Theorems  1-4  are  continuous  increasing 
functions  of  p  .  As  p  ♦  -  these  estimates  deteriorate,  but 
they  are  "stable"  as  p  -*  2  . 

Remark  0.8  One  of  the  appC wc - ations  of  the  a  priori  knowledge  of 

a  modulus  of  continuity  of  solutions  of  (0.1) ,  is  the  derivation 

of  L?  bounds  for  |v  u|  ,  (see  (20]). 
loc  1  x 

Remark  0.9  Existence  theory  for  boundary  value  problems  as¬ 
sociated  with  (0.1)  is  based  on  Galerkin  approximations  and  it 
is  developed  in  [11]. 

Remark  0 . 10  It  should  be  noted  that  we  have  been  unable  to  deal 
with  the  case  1  <  p  <  2  . 

Euristically  the  results  will  follow  from  the  following  fact. 
The  function  (x,t)  -»  u(x,t)  can  be  modified  in  a  set  of  measure 
zero  to  yield  a  continuous  representative  out  of  the  equivalence 
class  u  (  V2  p(ftT)  if  f°r  every  (x0,t0)  e  there  exist  a 

family  of  nested  and  shrinking  cylinders  Qn(xQ»tg)  around  (Xg,tg 
such  that  the  essential  oscillation  u>n  of  u  in  0n  (x^t^) 
tends  to  zero  as  n  ■*  »  ,  in  a  way  determined  by  the  operator  in 
(0.1)  and  the  data. 

The  key  idea  of  the  proof  is  to  work  with  cylinders  whose  di¬ 
mensions  are  suitably  rescaled  to  reflect  the  degeneracy  exhibited 
by  the  equation.  This  idea  has  been  introduced  in  (5]  and  further 
developed  in  ( 7 )  . 
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In  the  present  situation  the  arguments  are  more  complicated 
with  respect  to  the  ones  in  [  r' I  .  This  is  due  to  the  fact  that, 
unlike  the  solutions  of  porous  media  type  equations  (see  [4,7]) 
where  the  singularity  occurs  at  only  one  value  of  the  solution  (say 
for  example  for  u  =  0)  ,  in  our  case  the  equation  may  be 

degenerate  at  any  value  of  u  . 

To  render  the  paper  as  self  contained  as  possible,  certain 
known  calculations  have  been  reproduced. 

In  part  I  we  prove  the  interior  regularity.  We  introduce  cer¬ 
tain  classes  P  (nT,M, y , r ,6 , k )  ,  along  the  lines  of  a  similar  ap¬ 
proach  of  [11!,  and  prove  tnat  local  weak  solutions  of  (0.1)  belong 
to  them. 

Then  we  show  that  6^  (n^,,M ,  y  ,  r  ,  6  ,  >c )  is  embedded  in 
Ci-‘/P(V  ,  thereby  proving  Theorem  1. 

We  prove  the  boundary  regularity  by  following  a  similar  pat¬ 
tern  in  part  II.  The  methods  of  this  part  will  rely  heavily  on 
those  of  part  I  and  in  fact  we  will  limit  ourselves  to  describe 
the  modifications  of  the  proof  of  interior  regularity  to  achieve 
regularity  up  to  the  boundary. 

Acknowledgment:  This  work  was  completed  while  I  was  visiting  the 
University  of  Florence,  Italy  and  the  Institut  fur  Angewandte 
Mathematik  of  the  University  of  Bonn  W.  Germany.  I  am  grateful  to 
hoth  institutions  for  their  support. 
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1.  The  cl  asst.-;;  B^  ,  M  ,  >  ,  r  ,  '  , .  )  ,  p  *  2 

,NJ 

Let  ..  1  > t_*  an  open  set  in  IK  and  for  0 


•;T  ..  •  ( o , t !  .  if  (x0,tQ)  ,  nT  we  let  B ( K ) 


x  (  T|  x- 


Q(R,.)  B  ( R)  »  {t0"^'t0}  '  ’  '  0  • 


We  let  R  ,  a  be  so  small  that  Q(R,p)  1  fj_  .  Denote  by 
(x,t)  -»  -,(x,t)  a  piecewise  smooth  function  defined  in  Q(R,t)  , 
such  that  0  -  t  ■  1  and  C(x,*)  =  0  for  x  t  3B(R)  - 

For  a  bounded  measurable  function  u  defined  in  Q(R,t) 
introduce  the  cut  functions  (u-k) J  ,  k  (  R  and  let  H ~  be 
a:.v  number  satisfying 


(1.1) 


;1  (u'k)  ';-,C(R,p>  '  “  '  6 


where  6  is  a  given  oositive  number. 


Define  also 


(1.2) 


v  (H  ,  (u-k)  ,  v)  =  in 


♦f— 1; 

Jh  -  (u-k)  "  +  v^ 


We  say  that  a  measurable  function  u  :  -»  IR  belongs  to  the 

class  kp  ( R.j. » H  ,<t  r ,  6 ,  k  )  if 


(1 . 3) 


u  <  C ( 0 , T  ;  L2(d))  n  LP(0,T  ;  HP(R)) 


(1.4) 


•,  M 
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and  if  for  all  Q(H,p)  fl,j.  and  all  r.  as  above,  the  functions 
(u-k)  satisfy  the  integral  inequalities 


(1.5)  sup  (  (  (u-k)  ]2^  (x.t)dx  + 

V‘  1  lo  n,R> 


V  (u-k)  I  P  r  ^dx  d T 


I  ( 


B(R) 


u-k)‘]2  ;f(x,t0-T)dx+  yj'  jf  [  (u-k)  1  j p  |v  C|Pdxdt 

(j3(R,e)  X 


+  j|  (  (u-k) 1 
Q(R.  (>) 


1  ]  2  CP  tdx d  i| 


+  y{ 


(meas  A^R(’ )  ]q  di 


Vp 


~(l  +  -0 


(1.6)  sup 


|  »2(H  !,(u-k)!  ,v)(D(x,t)dx 

t0-p-t^tQ  -'B(R) 


I 

5  J 


y2(H  (u-k)1  ,v)cP(x,t0-P)dx 

B  (R) 


+  r 


( [  *  (H!,(u-k)!,v)  |*u(H'\  (u-k)  1  ,v)  |2*p|vx  t|Pdx  d 


u  (  r  *  p ) 


r  t. 


♦  J-ltn  ^1 


f  (meas  A1  „  (t  )  Jq  dr 

k-P  k,R 


k  -o 


P  ( 1  +  * ) 


where  we  have  denoted  with  A  (t)  the  set 

K  #  h 


Ak  K 1 1 )  ix  *  B(H)  !  (u(x,t)-k)  ■  0!  . 


The  various  parameters  in  (1.5) -(1.6)  are  as  follows, 
i  and  y  are  arbitrary  positive  numbers 


[B]  k  is  an  arbitrary  real  number  subject  only  to  the  restric- 


(1.7) 


(u-k)  *  ]j  «  S 


k  is  an  arbitrary  number  in  (0,1)  and  q  ,  r  are  larger 
than  one,  are  linked  by 


(1.8) 


i  4  — 

r  pq 


and  their  admissible  range  is 


(1.8) 


g  (P,“J  ,  r  .  Ip  ,-)  ,  if  N  =  1 


<1.8)(ii) 


g  «  »  r  1  lp'‘]  •  if  1  '  p  *  N 


(1.8)(iii) 


*  ip*”)  >  r  f  (^r»*i  >  i  ■  *  p 


Remark  1.1  These  classes  can  be  considered  as  an  extension  of  the 


classes  <nT/?*' y  ,r ' 6  ' K  >  introduced  in  (11).  Besides  the  fact 
that  p  2  2  the  new  requirement  here  is  hne  integral  inequality 


(1.6)  . 
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They  nuiy  also  be  viewed  as  a  parabolic  version  of  Do  Giorgi 
classes,  fundamental  in  the  regularity  theory  for  quasi -minima 

n  i . 

The  following  two  facts  establish  the  connection  between  local 
solutions  of  (0.1)  and  the  classes  8  ,  r ,  6  ,  r  )  . 

Proposition  1.1  Every  essentially  bounded  local  solution  of  (0.1) 
belongs  to  8^  ( nT  ,M ,  y  ,  r  ,  6  ,  k  )  . 

Embedding  theorem  5  ( ,  M ,  y  ,  r ,  6  ,  r  )  is  embedded  in  ' 

for  some  a  (0,1)  . 

The  proof  of  Theorem  1  will  resul t  by  combining  these  two  facts. 


Proof  of  Proposition  1.1  Introducing  the  Steklov  averagings 
Of  w  .  V2  p(V  , 


w  (*,t>  = 


r  1  ft+h  , 

H  Jt  w(x' 


f  K  L 


Wr  (X  ,  t )  = 


s)ds  ,  t  t  (0,T-hJ 


,  t  >  T  -  h 


s)ds  ,  t  (  (h,T) 


0 


,  t  <  h  , 
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.i  standard  >u  tjumctU  (r>e e  for  example  [11))  implies  that  < 0.6 )  can 

Le  equivalently  formula ted  as 


(1.9) 


[  a  ( x  , 


'xu))h 


[  b  ( x ,  t ,  u ,  7  y  u )  )  ^  ;  i  d  x  d  * 


for  all 
In 


t  ■  Kp'°(-T)  and  h  '  (  t2 

(1.9)  choose  the  test  functions 


T  -  h  . 


(1.10) 


4  D 

$  =  t  (u,  -k)  '  c 


k.  t.  IR  . 


Estimating  the  various  parts  of  (1.9)  with  this  choice  of  text 
function  we  have 


(i) 


f 

4(R) 


'■JT  uh(uh-kr  ;Pdxdt 

to~“ 


§  J  tP(x,t)dx 

B  (R) 


-  j  j  l (uh-k) *) 2 ;p(x,t0--)dx 

B(R) 

off  2  -1 

-  |  (  (uh-k)  *)  t P”  ttdx  dr  . 

where 

-  B(R)  «  [tQ-p,tJ  ,  t  ,  (t0-p,t0J  . 

Letting  h  >  0  we  obtain  for  all  t  t  ^to”p,to^ 
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UO 


f  ' 


PC1  jj  '  Vx  (U~k)  '  i  !  ~  1  'u-l-  »  r  1  ;  .  ; 


T  jj  ,vx(u~k)  ’  !!’J 


dx  d  • 


+  Y  (i-0)  f  j  I  (u-k)  ] !’ 


v x C  1  dx  d  T 


and 


(b)  p 


*2.  (u-k)  1  cp_1 1  v  ;  jdx  d1 


j  I  (u-k)  1  |  p|  vxc  |pdx  dr  +  y([*P  x  I  (u-k)  1  >0 )  dx  d  x 


t?  <JX 

Combining  this  in  (1.12)  we  deduce 


(1.13) 


C 


a(x,i  ,u,V  ul’Uclx  d; 


r  f 


x  x  '  T  ] 


v v  * ! P ;Pdx d  i 


-  y  ||  i  (u-k)  J  )pj  jp  dx  d-  -y  ||(*0  +  ^  )  x  I  ( u-k) 


Finally 


(1.14)  |  |b(x,x  ,u,vxu)  (u-k)  i;p|dx  dx  *  C 


2  |vx(u-k)iiP(u-k)';1 

'J 


+  j  <t  2  I  (u-k)  ‘  |  <  pdx  d  i  . 

Li 


Now  if  we  impose  on  the  levels  k  the  restriction 


(1.15) 


k  :  ||(u-k) 


6  * 


1  co 
cT  T 


>0 J dx  d x 


dx  d ; 


we  deduce  from  (1.14) 
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.1C)  j  |b(x,  i  ,u,vxu)  (u-k)  ?  r,p|dx  dt  |  Vx  (u-k)  '  |  1  dx  dt 


f  f 

+  j  ]  ♦  jX  I  (u-k  )  >0] dx  d  t  . 

0* 

Combining  these  estimates  and  observing  that  t  .  [t^-p,^] 

is  arbitrary  we  obtain 


(1.17)  sup  [ (u-k) i ] ^  c. p(x , t) dx 

t0-Pst<tQ  JB(R) 


C 

+  j  I  ?x(u-k)  *  |  PcPdx  dt 
Q(R,p) 


[  l  (u-k)  1]2CP(xft  -P)dx 

JD(R) 


Y |  II  ( (u-k)  4] P| j Pdx  dx 

^Q(R,  r) 

Jj  l  (u-k)  *  ]  2tP_1<;  dx  dij 
(Re  ;  * 


+  Y  J  UQ  +  <>^+t2)  x  l  (u-k)  1  >0)dx  dr  . 
Q(R,  p) 


By  Holder's  inequality 


on  3B (R) 


22 


U  ( (uh-k)  )  J-  -  2  ( 1  +  4  )  v 


.  .2  ,  loc , ,  , 

+  4  )  V  L*  • 

I 


Vi'a.'i  t*f  ore  such  a  ;  is  an  admissible  test  function  in  (1.9).  Ls- 
timuting  the  various  *  ■  r  ms  we  have 


11.20)  I. 


ST  Uhu2((uh"k)t)  1  ’r’PdxdT 


4(R)  * 


2  p 

v  C  r  dx 


(R) »( t) 


;B(R)  *  { tQ- P  } 


<J<2;Pdx  , 


and  letting  h  •*  0  we  have 


Ih  -  J  *2 (H* , (u-k) t , v) c  P(x)dx 

n  •»»  f  b  i  *  ( t  l 


JB(R)  *{  t) 


>B(R)  My  ) 


i|>2(Hi,  (u-k)  +  ,  v)  ;P(x)dx 


for  all  t  «  [tQ-CbtQ)  . 

In  order  to  estimate  the  remaining  terms  we  let  h  -»  0  first 
and  then  use  tA^J-lA^). 


(1.21)  J  ||  a(x,  t,u,Vxu)  vx^dx  dt  >  2  CQ  ( 14*) * ’ 2 | ?xu | Pt P  dx  di 


-  2  ||  (14*)  *'2  *q  (x ,  4)  c  Pdx  d  ' 
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-  pc1  ;  !vxu|!”1,.rcp"1|vxc|dx 


d  t 


By  repeated  application  of  the  Young's  inequality  we  deduce 


(1.22)  J  >  C, 


(l  +  ,).,2|7u|PcP  dxdT 


-  2 


(1  +  i) * ' 2*q (x,  i  )cPdx  d t  -  y  (p ) 


iH*,>2'P|7xc|PdxdT 


-  Y  (P) 


<*>  U  1 )  2$P  ;p  dx  di 


For  the  lower  order  terms  we  have 


(1.23)  2 


blxp^.V^i^'^jdxdt  s  2C_  |  y  u|P(l  +  ^)  ^'2^'"1cpdx  d! 


2)  )  •  x 

f- 

Q  ~ 


+  2j  {  <>2'^1',C  dxdT 


Next  observe  that  ^  =  H'  -  (u-k) *  +  v  <  24  by  virtue  of  (1.1) 


and 
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Collecting  these  estimates  we  deduce 

(1.25)  I  *2<Pdx  <  *2CPdx 

;B(R)*{t)  >B(R)»{t0-i} 

+  >  [[  *|v’  |2'P|V  tlPdxdi 

0  ( R ,  (  ) 

+  ~(1  +  in  ~)||  |$0  +  *P  +  $2!  X  l  (u-k)  t  >0]dx  d^ 

0 (R#  p ) 

where  we  have  used  the  fact  that  v~ ^  ,  v-2  <  v-p  since  p  >  2  . 
Treating  the  last  integral  as  before  the  result  follows. 

The  proof  of  the  embedding  theorem  will  he  the  object  of  sections 

2-5. 


inclusion 


Inside  0^ 

K 


we  consider  subcylinders  of  the  type 
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(2.4) 


Ojj  B  (R)  *  ft-  nRl’,t}  ,  n  •  0  , 


where  t  •  and  t  -  nR1  •  tg  -  OR^  .  The  length  of  these  sub¬ 

cylinders  is  determined  by  the  choice  of  n 


(2.5) 


where  sQ  is  the  smallest  positive  integer  satisfying 


(2.6) 


The  structure  of  the  proof  is  based  on  studying  separately  two 

_  n 

cases.  Either  we  can  find  a  cylinder  of  the  type  Q  where  u  is 

K 

"mostly"  large,  or  such  a  subcylinder  cannot  be  found.  In  both 
cases  the  conclusion  is  that  the  essential  oscillation  of  u  in  a 
smaller  cylinder  around  (Xg,tg)  decreases  in  a  way  that  can  be 
quantitatively  measured. 

We  will  need  the  following  two  embedding  lemmas  known  from  the 
1 i tera ture . 


Lemma  2.1  (De  Giorgi  [3])  Let  u  t  W^'^(B(R))  and  let  l  ,  k  i  JR  , 
l  »  k  .  Then 


(2.7) 


(i-k)meas  A 


CR 


N  +  l 


i  ,R 


meas{ B (R) \Ak>  R } 


L- 


Ak,RNAl,R 


Vu  |  dx 
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where  C  depends  only  upen  the  dimension  N  . 


Remark  2.1  A  similar  lemma 


holds  more  generally  for  convex  domains 


(see  [ 111  )  * 

For  notational  convenience  we  set 


(a  ,  E  L-(0.T;hP(H))  n  LPtO.TiHP(!in 


p  T 


vp(V 


L-(0.T,lP(0))  n  LP(0,T;Hq(CI)  ) 


Hull 


V  m  )  o*tvr 
p  r 


=  ess  supj|  u  ( *  » t)  ||  +  llyxull 

p.fl  P»WT 


and  define  11U"vplftT>  ’ 


VplQT) 


Lemma 


2.2.  Let  u  *  V  («T)  *  then 


((“Her  .iiT5  Cllu”  W 


O  .  and  Where  q  .  r 

where  C  does  not  depend  on  u  nor  on  «T 


are  subject  to  the  conditions 


The  proof  results  from  a 

t  till  oaae  74.  carried  for  P  *  2 
arguments  of  l 11)  P  ° 

t  2  2  we  deduce  two  corollaries. 

From  Lemma  i . *  we 


U.8)  -  u.a)  aii)  • 

straightforward  adaptation  of  the 


rnrollarv  2.3  Let  u  <  Vp(QT)  ,  then 


Hull 


p<T>'ri 


*  Cl|u||  v  (n  )  . 


p  T 
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Corollary  2.4  Let  u  .  V  (:.'T>  ,  tlicn 


IMi 


C  (mcas  [u^O] 


:j  *  i  • 


p.  .1, 


p 

i  o 

V 

p  T 


Remark  2.2  These  Corollaries  still  hold  if  u  <  Vp  ( and 

does  not  necessarily  vanish  on  at  . 

In  such  a  case  C  depends  on  via 

JL_*v 

N+p 

i  • 

J 

With  C  we  will  denote  a  generic  non  negative  constant  depending 
only  upon  the  various  parameters  in  the  classes  6p  {nT,M,y  ,r,  6  ,u>) 
and  independent  of  R  ,  *  *  s*  .  For  a  measurable  set  l  we  write 

<i  1  ^o  rr-as  1  -*  |  •-  |  • 

3.  The  first  alternative 

Lemma  3 . 1  There  exists  a  number  uQ  t  (0,1)  independent  of  «.  , 

R  ,  s*  such  that  if  for  some  subcylinder 

|(x,t)  .  Q^|u(x,t)  -  +  ~ -  |  ‘  a  o I  Q r  I  « 


then  either 


(3.1) 


N* 

.T* 


(-jr) 


!♦( 
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(P-2) 


or 


(3.2) 


u  ( x / 1 )  '  V  *  •  v(x,t)  •_  Qr^2' 


Proof:  We  assume  that  (3.1)  is  violated  so  that  Q®  c  and 


_ r, 

fix  a  cylinder  QR  for  which  the  assumption  of  the  lemma  holds. 
Let 


R  .  R  Rn  + Rn*l  _  R  ,  3R  _  _  ,  ^ 

Rn  *  7  +  ;  Rn  ’  - 3 -  ?  JS5T  *  n  2'2 . 


We  will  write  (1.5)  over  the  pair  of  cylinders  Qg-  and  QR  , 

n  n  _n 

by  choosing  the  function  c  so  that  ;(x,t)  =  1  for  (x,t)  t  Q— 

Rn 

and  vanishing  for  t  *  t  -  n  .  In  this  case 


2n+l  2n+l 

'VI  s  ~ !  0  s  s  C  — J 


,n+ 


r(-‘) 


p-2 


As  for  level  k  we  take 


k  =  — ~y  +  ,  n  -  1,2,...  . 

n  s„  +  l  s„+n 


In  this  setting  (1.5)  can  be  rewritten  as 
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(3.3)  sup 


t-<t  f 


:“-V'U2,B(R  >“>  *  l'V-V'l|P  , 


>nP 


c 


1  (u-kn)  "]pdxdi  ♦ 


p-2 


i  (u-kn)-r 


5; 


/t  |  \]?u+*> 

+  C  >Ak  R  (t) i  dTJ 

Vt-n*  "  1 


The  choice  of  levels  k  is  justified  since 

n 


'“-Vll  5n  5  T7  '  £ 

m>QR  2  0 
n 


We  estimate  the  various  terms  in  (3.3)  as  follows.  First 


I  (u-kn)  )  pdx  di  + 


*5 


K°r  u 


[  (u-kn)  ]  dx  dt 


5S 


Ak  ,R 


nr  n 


2  t-nR 


Next  for  all  t  <  (t-nRP,t] 


S  p—  2 

n)‘ll2  -  <‘>  >  (V°) 


(u-k 


2,B(Rn) 


p,B(Rn) 


(t) 


n  II  (u->0 


(t)  . 


P.B(Rn) 


dx  d 
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Using  these 


remarks  in  (3.3)  and  dividing  by  " 


(3.4)  SUP 


t-nR^tst 


n  PdB(Rn>  p,Q»n 


s  C 


2JZ(JS-\P  fi  I1 

*p  V°;  U  t- 


nR1 


|a~  R  (o!dT| 

,p  n  n  J 


+  c 


(n  L  '^.»„,,,|5d') 

\  t- nR. 


r  '  -(l+K)  p(l+*)-l 

^  n  * 


-  hi.  2  *  ?---  ,  transforms  QR  and  Qr 

The  cnange  of  variable  n  Rn  n 

spectively  into 


re- 


Qn  -=  B(R 


n)  K  {-RP,01  t  Qn  =  B(Rn)  X  {-r£o>  . 


Setting  also  v(x,p) 
more  concisely  as 


u(x,t+nz)  »  inequalities  (3.4)  can  be  written 


(3.5) 


II  <v-kn)'!l 


»nP 


^  C 


VQn> 


o  =.  i£(i+«) 

♦  c((  (A.n«x(  I<3  dzjr 

,P 


,-Rf 


n 


where  we  have  set 


K  (Z)  ;  (x  <  3(Rn)  )  v<x,z>  4  V  5  'Anl  “  1  p  lAn(z)idz 
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Let  x  ♦  4n(x)  be  a  piecewise  smooth  cutoff  function  in 


n+2 


B(R  )  which  equals  one  on  B(R  ..  )  and  such  that  1 7  \  I  -  2  /R 

n  n+  i  x  n 

_  O  _ 

Then  (v-k^)  <n  «  V  (Q^)  and  by  Corollary  2.4. 


(3.6)  |!  (v-kn) 


^  ll(v-k  )":  ||  _  - c  |  A  | 

P'Qn+l  P'Qn 


N  +  p 


(v’kn>  ;n ' 


VV 


--  r 

S  C|An|N  +  P  |||  <V-kn)"|| 


2P (n+2) 


V  (Q  ) 
P  n 


P 

ll<V-kn>'W  • 


Since 


(v-k„)-||P  -  IVk„.llP|'W  '  2'P(n*11|Antll 

p'Qn+l 


we  deduce  from  (3.6)  by  making  use  of  (3.5) 


.’fee*.  ,,*(!"  iv< '4 

V  -R 


r  *,1(1+0 


<3-7>  IVil'-C 


3r"X  ^(1  +  0-1 
n 


We  set 


I* 


tq: 


z_  = 


TbTr 


fcr  o;P 

n 


r  P 
|An(  z)  |q  dz^r 
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Then  from  (3.7)  in  dimensionless  form  wc  have 


(3.8) 


y  .  <  C4 
n  +  l 


{’ ,  P  Ji,  " 

l*— <  ,  YN*i’  tl*‘  , 

y  n  n  J 


whei  c 


used  the  inequality 


(£lj  -s'1*"'1**'  -  1 


which  follows  fro*  the  definition  (2.51  of  a  and  the  fact  that 
„e  have  assumed  that  (3.1)  is  violated. 


On  the  other 


hand,  by  the  embedding  lemma  2.2 


wk 


„-Vi>p  5  i“<»n.1'rliKv-v'iiq<r<ann 


iBlVl'l'1  «,v-V'»n»  , r,5 


<  CR 


'N-Il  (v-Kn 

s. 


.  P 

)  II 


p  p(n+2)  _  P 

.  L— — II  (»•*„>  II 

vp(0„)  «P  P,Q1 


Then  using  (3.5) 


(3.9) 


*nel  4  °  4  U"  *  ' 
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From  lemma  5.7  of  [11]  page  96,  Yn  ,  0  as  n  -*  , 

provided 


,1+. 


where  <  is  a  small  constant  depending  upon  C  ,  p  ,  <  only  and 
idependent  of  R  ,  w  • 

Therefore  the  lemma  is  proved  if  we  choose  sufficiently 

small  depending  only  upon  \q  . 

We  suppose  that  the  assumptions  of  lemma  3.1  are  verified 
for  some  subcylinder  and  construct  the  cylinder 

p 

Q  :  B(f)  *  (t-n(f)  ,  tQ}  . 

/R\p  /rNP 

The  length  of  such  cylinder  is  at  least  anc*  at  most  0  \2  '  ' 

P 

so  that  setting  for  simplicity  p  =  ^  we  may  write 
Q  -  Qjp  :  B ( 2p )  *  { tQ-0 (2p ) P  ,  tQ) 


where 


(3.10) 


Lemma  3.2  Assume  that  H  =  ||(u-(y  +  -j-r)  )  II  Q  >  -  —  •  Then 

2  0  m,U  2S0 

for  every  ,  (0,1)  ,  there  exists  a  positive  integer 


S1  =  s  ]('*  •*  *  6  '  r )  independent  of 


and  R  such  that  either 
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(3.11) 


Nr.  .  .  1+K  1  .  +  .  -  . 

„T  ,  -5’  (p-2> 


(3.12) 


meas(x  t  B(p)  I  u(x,t)  <  u  + 


— V i 
slJ  1 


for  all  t  t  (tQ-e(j)P  ,  tQ] 


Proof :  We  will  employ  inequality  (1.6)  over  the  cylinder  Q^p  • 

As  a  cutoff  function  (x,t)  -*•  ;(x,t)  we  take  a  function  independent 

of  t  ,  such  that  c(x)  ■  1  on  B(p)  and  | v c |  s  p  ^  .  We  observe 

that  for  t  ■  tg  -  8(2o)P  *  E  -  n(j)P  #  by  lemma  3.1  u  >  p~  +  ^ 

2  ® 

and  therefore  Yn  i  1 


,(h',(u-u"  ♦  ■  ijs-JlV'”"’1  *° 


Next  for  v  =  - —  ,  from  the  definition  (1.2)  of  • )  we  have, 

/o+n 


since  H  s 


sft  +  l 


<^h  ,  (u-  (w  +  •  T 

2  0  2 


(n 


-1) tn  2  . 


Moreover  a  quick  calculation  gives 


!♦.(■*•  s  (%T 


30 

Using  these  remarks  in  (1.0)  we  have 

(3.12)  J  ,  2  (if  ,  (u  -  ( iT  ♦  n)d* 

B  (i.)*(  t  t  2  °  2 


7 


+  Cn 


(fCj  f 


2(1  +  0 


RNk I B (P )  | 


Let  n  be  a  positive  integer  to  be  selected  and  set  s^  =  Sq  +  n  . 
Then  recalling  (3.10)  if  (3.11)  is  violated  the  right  hand  side  of 
(3.12)  is  bounded  above  by 


C  (s* )  n  |  B  (p  )  |  . 

We  bound  the  integral  on  the  left  hand  side  of  (3.12)  from  below 
by  extending  the  integration  to  the  smaller  set 


(x  .  B  ( p  )  |  u  ( x ,  t )  <  u~  +  --~n-)  . 


On  such  set,  since  H  > 


,v2 


we  nave 


.,S0+2 

)  ,  ,  — —  —  )  ->  in2  -^-2 - 

s0+ny  V  sn+n_1 
2  0  7  ^/2  0 


(n-3) 2  tn2  2  . 


37 


Therefore  for  all  t  '■  (tQ  -  0(^)H  ,  tQ) 


(3.12) 


k  (t)  '  C(sM - — 

y  +T^'P  (n~3> 


B (o )  1  . 


To  prove  the  lemma  we  have  only  u.._-ose  n  so  large  that 
C  (s* )  n 


(n-3) 


Remark  3.1  The  number  *  s^(a)  claimed  by  lenuna  3.2  depends 

upon  Y,K,6,r  and  s*  .  The  number  s*  is  not  fixed  as  yet.  It 
will  be  fixed  later  independent  of  ■>  ,  R  and  therefore  we  can  say 
that  s^  is  independent  of  u>  and  R  . 

Without  loss  of  generality  we  may  assume  that  s^  >  s*  . 


Lemma  3 . 3  Suppose  the  assumptions  of  lemma  3.1  hold  and  assume 

that  H  >  — .  Then  there  exist  an  integer  s  >  s*  indepen- 
2S0  * 

dent  of  u.  ,  R  such  that  either 


(3.13) 


R  P  * 


1+{iFL“p)  (p_2) 


fe)  " 


(3.14)  u(x,t)  >  u  +  —  ,  V(x,t)  <  Bl 

2S 


{to"n(a)  '  t0} 


Proof  Let  p 


p  ^  p 


n  ?  T  ITT 


+  '  p. 


and  consider  the  cylinders 


Pn+Pn+1  =  c_  .  3p  _  .  , 

2  2  ^n+7  '  n  ~  1*2,..., 
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B(Pn) 


it, 


-  ,R . 
o  (2) 


V 


H(.  ) 


i  t. 


5(|) 


t0  } 


Kc  observe  that  these  cylinders  decrease  in  the  space  variables 

but  their  length  is  unchanged  with  respect  to  n  .  This  is  due  to 

the  fact  that  lemma  3.1  gives  information  on  the  level 
~  R  p  -  r  p 

t0  ~  9 ^2*  =  t  -  n(j)  »  and  such  information  we  want  to  exploit. 

We  assume  (3.13)  is  violated  and  write  (1.5)  over  the  pair  of 

cylinders  Df  and  D  '  as  follows. 

J  n  n 

We  choose  a  cutoff  function  r.  independent  of  t  such  that 
0  ;  1  on  B(Pn)  and  1 V ^ c  |  <-  2n+2/p  .  Then  the  term  involving 
in  (1.5)  is  eliminated.  As  for  level  k  we  choose 


k 

n 


w  .  u) 

+  - r  +  - 

s.+l  s,+n 
2  1  2 


n  ~  1,2,...  , 


where  s,  is  the  number  claimed  by  lemma  3.2. 

1  _  .  R  P  _  R  P 

By  lemma  3.1,  u  >  v  +  — for  t  =  tg  -  0 1^)  =  t  -  • 

2  1 

and  therefore  we  have 


l(u-kn) 


) 2;P (x, tQ-0 (|) 


)  dx 


b(pn) 


0  . 


From  (1.5)  with  the  indicated  choices  we  deduce 


2 


JO 


(3. IS) 


sup, 


ii  iu-kn>  r. 

.  R  r  2,Blf  ) 

t0-e(?)  ttQ 


n 


<»>  *  ll,x<“-kn,'llp  5'- 

P»un 


'  T?-  '■(’-kn''«p,DJ  *  C' 

w  r  n 


A. 

-  R.P  kn'i' 
t0_e  2 


(r)  |H  dr 


i  Vu 

O  .  >  r 


) 


For  all  t  *  ltn  “  6\.2 )'  ‘  t0] 


,(|)p  . 


StvP"2 


1!  (u-V'U 


2,B(on) 


*  e|l(u-k  >“||  (t) 

P,B(pn) 


We  carry 
variables 


this  estimate  beloe.  divide  by  5  and  mate  the  change  of 


z 


The  cylinders  D®  and 


are  transformed  into 


F 


Dn  =  B(Dn)  *  1 


-d)p  • 
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°)  ;  Dn  :  B(on)  -  {-(Jl  ,  0} 


Setting  also  v(x,z)  -  u(x,tfl  +  ‘;z)  ,  inequalities  (3. IS)  can  be 
rewritten  as 


(3.16) 


i;  (v-kn) 


C2 


np 


V  (D  ) 
P  n 


■iKv-kn)-ir 


P.D, 


+  C 


(  f°  I  (p-2'  , 


-<1> 


with  the  obvious  definition  of  A^lz) 


Using  (3.16)  we  may  repeat  an  iteration  process  in  all  ana¬ 
logous  to  lemma  3.1  and  conclude  that  there  exist  A  ^  >  0  inde¬ 
pendent  of  R  and  u ,  ,  such  that  if 


(3.17)  measl  (x,  z)  <  Dj  )  v(x,z)  <  u  +  A x  1 D i  I  ' 

2  1 


then  either 


2) 


R  > 


s.TT 

i  A 


or 


v(x,z)  '  u  *  "i^TT  '  V(x,t)  t  -  B(j)  *  »0) 

2  1 
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Scaling  back  to  the  cylinder  D  and  choosing  i  =  1  .  in 

t*  ^  11 

lemma  3 . 2  we  see  that  we  can  choose  =  s^(^,s*)  so  that  (3.17) 

holds.  This  proves  the  lemma. 

We  summarize  the  results  obtained  so  far. 


Proposition  3.1  There  exist  aQ  £  (0,1)  and  a  positive  integer 
s  independent  of  u>  ,  R  ,  such  that  if  for  some  cylinder  of  the 
form  QRn  with  n  given  by  (2.5) 


(3.18) 


meas{ (x,  t)  <  QR 


U(X,t)  <  u"  +  <  OqIQrI 

2  0 


then  either 


(3.19) 


w  s  2S  rP 


t  -  [l  +  (~--l)  +  (p-2)]'1 


(3.20) 


ess  osc  u  s  ui  (1 - ) 

on  23 

WR/8 


Proof  If  a  cylinder  satisfying  (3.18)  exists,  then  by  lemna  3.1 

and  lemma  3.2,  the  set  where  u  <  u”  +  — ,  relatively  to 
R  ~  R  P  2S 

B(j)  *  lt0  -  9  (j)  ,  tg  }  ,  can  be  made  arbitrarily  small  provided 


(3.21) 


2 


',B(|).(t0-3(|)P,t  ) 
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Then  by  lemma  5.3 


(3.22)  u (x , t ) 


.V1 


n  ^  r  fr' 

,  v(x,t)  •  B  (g-) » { tQ  -  e  (-)  ,  tQ} 


Since  n  >>  ■  o  from  (3.22)  we  also  have 


ess  inf  u  >  p  +  —  ;  s  -  s.  +  1 

Qn  2S  1 

R/8 


and  hence 


ess  osc  u  -  ess  sup  u  -  ess  inf  u  s  u  -  v> 


W  j  .  1  . 

- -  -  u.(l  -  — ) 

2  2S 


'R/8  wR/8 


R/8 


On  the  other  hand  if  (3.21)  is  violated,  since  obviously 
H  5  '  we  have 

S  A  1 


ess  inf  u 

Qn 

R/8 


.V1 


,V2 


^  p 


Ul 

Zs 


from  which  the  conclusion  follows. 


Remark  3.2  The  various  constants  in  ( 3 . 18 ) - (  3 . 20)  are  Independent 
of  u>  and  R  .  the  number  s^  depends  upon  s*  as  shown  by  lemma 

s*  will  be  fixed  later  independent  of  w  ,  R  . 


3.2 


The  number 


4 

4 .  The  second  alternative 

We  assume  in  this  section  that  the  assumptions  of  lemma  3.1 
are  violated,  i.e.  for  every  subcylinder  QR 


(4.1)  mea s { ( x , t )  £  QR  |  u(x,t)  <  u~  +  -j—  )  >  ao  1  l  • 

2  0 

Since  if  sQ  z  2  we  obviously  have 


u 


+ 


w 


+ 


U> 


2 


80 


we  will  rewrite  (4.1)  as 


(4.2) 


mea 8 { (x,  t)  £  QR 


U(x,t)  > 


+ 

u 


■)  <  (!-.„>  I5J I 


valid  for  all  cylinders  Qq  c  Qr  *  parameters  0  and  r,  are 

those  fixed  in  (2.2)  and  (2.5).  In  this  section  we  will  determine 
the  value  of  s*  . 


— n 

Lemma  4 . 1  Let  QR  c  qr  be  fixed  and  let  (4.2)  hold.  Then  there 
exist 


t* 


[ t- n  RP  #  t  - 


“0 

T 


nRP  J 


such  that 


u 


B(R)|  . 
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proof  If  not,  for  a.e.  t  ♦  [t-nHp,  t  -  -y  nRP] 


U\ 


(t) 


-,R 


(i^72-)Ib(r,I 


and 


neas{  (x,t)  <  QR  |  u(x,t)  >  u 


t-  y  n«P 


t-nRP 


+  _  u.  R 

U - -  ,  K 


(t ) |di 


>  (I-^IQr! 


contradicting  (4.2). 

As  before  we  let 


H+  =  ||(u-(u+-4-))+l 


->e  '  S0 

'^R  2  ° 


V1 


Lemma  4.2  Let  QR  QR  be  fixed,  and  assume  that  H+  >  */2 
There  exist  a  positive  integer  m  independent  of  u>  and  R  ,  such 
that  either 


(4 . 3) 


H«r 


1+(iyL‘p)  (p"2) 


or 


(4.4) 


<t) 


s0tm 


i  R 


ra  \2 

l-l -y)  !  I  B(R)  I 


lor  all  t  .  it-  -y  nRP,  t)  . 


rroof  Ke  will  employ  incqualtiy  (1.6)  over  the  cylinders 


Q*  i  B  (R)  *  1 1* ,  t )  ;  Q*_oR  -  B(R-oR)  *  . 

Here  t*  is  the  number  claimed  in  lemma  4.1  and  o  t  (0,1)  is 
arbitrary.  We  take  also 


k 


,vm 


where  m  has  to  be  chosen.  The  cutoff  function  c  will  be  inde¬ 
pendent  of  t  and  such  that  C  =  1  on  B(R-oR)  and  |?c|  s  (oR) 
With  these  choices  (1.6)  can  now  be  written  for  all 
t  <  ( t* , t]  as 


(4.5) 


(u- <u  + 


B (R-oR) * ( t ) 


dx 


s  j  'I' 

B  (R)  * { t*  } 


(u- (u+ 


Ul 


s  +m 
2  J 


) 


dx 


X 


(u-  (u  + 


2-p 

dx  dt 
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The  various  terms  in  (4.5)  are  estimated  as  follows.  First  we 
observe  that 


^H+,  (u-  (;/ 


"-)  )  '  ,  — =4-1  ■mini 

2so  2Vmf 


*  [H+ ,  (u-U  +  -  —)  )+  , 

ul  2S0+m 


2-p 


,P  ~2 


s. +m 
h+2  0 

in  -  s  m  in  2  . 


Next  from  the  definition  (1.2)  of  iji  we  see  that  *  =  0 
on  the  set  ju  <  y+  -  -=!— J  .  Therefore  by  using  lemma  4.1  the  first 

L  2SoJ 

integral  on  the  right  hand  side  of  (4.5)  is  estimated  above  by 


|  *2(«  ,(u-U  "i“)>  '  s%mVX  S  m  *n  2(t47 TTs)' 

B|R)»|tM  \  2  °  2  0  /  \  / 


B  (R) 


Since  t  -  t*  s  nR*5  = 
by 


■  (4~v . 


the  second  integral  is  estimated 


~  «"|B(R)  |  • 

cr 


Finally  for  the  last  term  we  have  the  estimate 


pll+(^-£)\p-2)l 


Cm|B(R) I 


r 
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If  (4.3)  docs  not  hold,  this  last  term  is  majorized  by 

Cm  j  B (R)  |  . 

Putting  together  these  remarks,  from  (4.5)  we  have  for  all 
t  <  [t»,t] 


(4.6) 


s  m2  in2  2 


:-oR)«l  t)»  2  2  / 

^"-Q7fjlB(R)  I  ♦  “  m|B(R)  I  . 


We  estimate  the  left  hand  side  of  (4.6)  below  by  integrating 
over  the  smaller  set 


B(R-oR)  n  [u  >  u 


]  (t) 


Then  on  such  a  set,  since  H+  > 


V1 


we  have 


+'^=) 


*  in 


Mi 

Jo*1 


,Vn"] 


(m-2) in  2 
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Carrying  this  estimate  in  (4.6) 


(n-2)2  in2  2  |  a\ 


(t) 


m 


n2  21 


R-o  R 


+  |B(R)|  , 

o  P 


and  dividing  by 


(m-2) 2  tn2  2 


(4.7) 


(t  ) 


w  -  ,R-  'R 

2Vm 


!b(R) 


♦  —  m_1 | B(R) 1  . 

op 


On  the  other  hand 


♦  m 


(t)  I 
K 


+m' 


(t)  | 

R-uR 


♦  i B(R)  B(R-oR) | 


(t) 


s  *  m 
,  0 


,  R-  oR 


*  No } B (R) )  . 


Combining  this  with  (4.7) 


(4.8) 


-p-  •*  No  j  1  B  ( R )  1 

J 


for  all 


t  .  (t*,t]  . 


3  2 

Choose  o  so  small  that  oN  j  a ^ 


and  m  so  large  that 
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(l-u0/2) (l+a0) 


C_  3  2 


then  for  such  a  choice  of  m 


Remark  4.1  Since  is  independent  of  m  ,  R  ,  the  number  m 

is  independent  of  u>  ,  R  .  The  number  s*  which  determines  the 
0 

length  of  QR  is  still  to  be  chosen.  We  will  choose  it  later 
subject  to  the  condition  s*  >  s0  +  m  . 

We  will  set 


3  2  = 


+  m 


The  arguments  of  lemma  4.1  and  4.2  are  carried  under  the  assumptions 
that  (4.2)  holds,  and  we  know  that  (4.2)  holds  for  every  cylinder 
of  the  form  c  q®  . 

Since  s*  >  sQ  we  have  Vp  *  2 


(p-2 ) 


1 

1^7? 


2s*(p-2) 


(4.10) 


< 
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Corollary  4.3 


(4.11) 


Assume 

N. 


cither 


or 


(4.12) 


1 3(R)  | 


for  all 


1  fc0  * 


"0 

T 


6R* 


Proof  Every  cylinder  of  the  type  satisfies  (4.2)  and  lemma  4.2 

holds  for  every  such  cylinder.  Therefore  the  conclusion  of  the 
lemma  holds  for  all  t  satisfying 


t  t  (tQ  -  (6  -  (1  -  ~£)  n)RP,  tQJ  . 


Because  of  (4.10)  and  the  definition  of  9  and  n 


and  the  Corollary  follows. 

From  now  on  we  will  focus  on  the  cylinders 


Q R<V  E  B(R)  x  {t0  ‘T  eRP'  to) 
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Lemma  4 . 4  Assume  that  (4.12)  holds.  Then  for  every  i  (0,1' 

£k 

there  exists  a  number  s*  (which  determines  the  length  of  Qa)  , 

X\ 

independent  of  and  R  such  that  either 


(4.13, 


R  *  *  <~T> 

2s 


-h  (P-2) 


,  or 


(4.14)  meas  ^x,t)  t  Q^(aQ)  u(x,t)  >  y  +  -  s  6olQR(aO)l 


Proof  We  write  inequalities  (1.5)  over  the  cylinders  0^(«q) 

0 

and  ^2R  38  ^0ll0W8,  We  choose  a  cutoff  function  c  such 

aA 

that  ;  ~  1  on  Q9(aQ)  and  ;  (x, tQ  -  -j-e  (2R)P)  -  0  , 

0  s  cfc  ♦.  C(a0eRP)_1  ,  |Vx;|  5  2R_1  . 

As  for  the  levels  k  we  take  k  »  u+  -  ~  'where  s*  *  n  2  s„ 

2n  * 

and  &2  is  the  number  claimed  by  Corollary  4.3. 

Negelecting  the  first  term  on  the  right  hand  side  of  (1.5)  and 
using  the  indicated  choices  we  have 


(4.15)  ||  |vx(u-(y+  -~))+|  P  dxdi 


~  If  l(u-(y+-^))+)Pdxd 

J}P  I)  5n 


•  — — r  [[  (  (u-  (  w+  -  -^-) )  +  ]  dx  d  t 

«0e*  o  2 

°2R<V 

/  ,fco  I 

( \  l 

'  a.  _  2n 


t0  -  -f  e  ( 2r)  ■ 


VI 


We  estimate  tae  right  hand  side  of  (4.15)  as  follows 


;  I  f 


KP  JL 


Q2h <  ‘o! 


.  ,  +  Id  .  .  ♦  .  ^  ,  C 

(u-  (  U  -  ~r )  )  1  dx  U  t  — - 

2  P 


(?)' 


'°R(l0>  > 


lii)  Recalling  the  definition  of  to 


— ( ■—  [[  [  (u-  (1/  -  ~)  )  *  )  dxdi  • 


2/  ..  ,  P-2 


v«p0{\  ) 

°2R{  l0] 


{p)(p)  l0>°' 


Uii)(  j  l*\  „  (t)  |q  dtV  5  4l0a«>0)  |RN'» 


. 1+x  1 . + 

NxD? (  r  ~  p] 


Carrying  these  estimates  (4.15) 


2  p-2 


(4.10  )|  |.xi»-(,‘-i|)‘|  d.d,  *  (p;>  <^r> 


UR  (  V 


♦  0  1  P  rNk 


“)'0£'V 


Next  wc  use  lemma  2.1  over  B(R)  for  all  the  levels 

Clg 

t-  •  1 tQ  -  y  0RP,tQ)  .  As  for  levels  t  ,  k  we  take 


t  =  ^  ~  ;  k  =  ^ - . 

2n  2^ 


u  - 

Notice  that  for  all  t  «  (tg--—  0rP'  t01  by  virtue  of  Corollary 


4 . 3  we  have 
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mcas 


2 

fn(*)  w  '  (T>  lD(R)1  • 


ting  gives  \t  t  tQ] 


Therefore  (2.7)  in  this  sett 


(4.17)  (~)  „ 

2  u - -  <  K 


(t) |  <  CR 


!  7  u  dx 
1  X 


We  majorize 


the  right  hand  side  of  (4.17)  by 


<jR(t)NA+i,R(t) 


V  nw>iv  nv 


\  1  , 

♦iPjP  I  A.*  »lt)l 


Integrating 


..  tn]  and  setting 

(4.17)  over  ltQ  '  W 


'0  + 

1A  +  « 


(i )  (dx  « 


,  J>  eRP 

V  T  eR 


W - n'' 


we  have  for  all  n  *  s2  +  1 
(4.18)  <fk)An  *  CR 


(  .11 

\  o*  i«0> 


Erl 

p 


hand 


We  take  th.  #  —  "  *“  1,18  81981 

side  by  using  (4.16)  and  divide  by  (-/2n)p/p  1 
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C1  -  4 


♦  2 


„-s.  .  .N«,2S',P|1*'i7L-|>  «P-«A  . 


♦  R  (~ - ) 

<*) 


I W 


i 

,FT 


[A  ,  -  A  )  . 

n-1  n 


Since  s*  •  n  >  •  if  also  (4.13)  is  violated,  the  quantity  in 

brackets  is  bounded  independent  of  m  ,  R  ,  s*  and  we  deduce 


(4.19) 


An  5  cK‘°0’l 


1 

FT 


lAn-l-V 


These  inequalities  are  valid  for  all  n  >  s2  and  n  s.  s*  . 

We  add  (4.19)n  for  n  =  s2  +  1  ,  s2  +  2,...,,s*  . 

The  right  hand  side  can  be  majorized  with  a  convergent  series 
and  therefore  we  obtain 


(4.20) 


(s*-s2-l) 


s 


C|Q>0)| 


f 


and 


To  prove  the  lemma  we  take  s*  so  large  that 


(4.21) 


B 


o  • 


Notice  that  if  is  independent  of  “>  and  R  ,  also  s*  is 

independent  of  w  and  R  . 


Remark  4.2 


5 

The  process  described  by  lemma  4.4  has  a  double  mean¬ 
ing.  On  one  hand,  given  Bp,  ,  determines  a  level  k  =  -  -^r 

u  2s 

and  on  the  other  hand  (recalling  the  definition  (2.2)  of  e)  de¬ 
termines  the  cylinder  QR  .  That  is,  given  eQ  >  (0,1)  ,  the  mea- 

+  5# 

sure  of  the  set  where  u  >  u  -  u>/2  can  be  made  smaller  than 

Q 

Bq  only  on  a  particular  cylinder  Qr(oq)  related  to  the  level 

+  s  * 

u  -  *d/2s  . 


Lemma  4 . 5  Suppose  the  conclusion  of  Corollary  4.3  holds.  Then 
s*  can  be  chosen  so  that  either 


(4.22) 


RP  s 


PP 


Hr’f'  ‘P-2>  or 


(4.23) 


u(x,t)  s  Vi  — i^TX  '  v(x't}  ‘  °R(ao) 

2  7 


Proof  Set  R_  *  R  +  —  ;  R„ 
-  n  z  ~n  n 


Rn+1  +  Rn  _  R  .  3R  _  _  ,  , 

- 2 - 7  +  '  n  1'2"* 


We  will  write  inequalities  (1.5)  over  the  pair  of  cylinders 
q®  (a.)  and  q|  (an)  .  The  cutoff  function  c  will  be  taken  so 

R  U  K  U 

"  n  .  _ 


that  c  *  1  on  (aQ)  ,  c(x, tQ  - -y  0R^)  »  0  and 

n 


Vxc|  i  2n+2/R  ;  0  s  ct  s  C2n/6RP  . 


The  levels  k  are  taken  to  be 


+  u»  UJ  —  —  1  O 

ln  “  u  "  '  . . 


In  this  sotting  (1.5)  can  be  written  as 


(4.24)  suh 

t0"T  ''Sn  t-  t0 


(u-k  )  +  || 


♦  ,  P 


n-  "  -  (t)  +  llvx(“-kn)  n 

2,B(R  )  *  n  *  . 

n  P»Or  (a 


-)Pn  s  .  p 

c  >  v  (u'kn>  11 


♦  6_1  ll(u-k  ,  +  |! 


P'3Rn(a0) 


2'\(a0 


+  c 


/  ,fco  -  \£ 

(  j  ,R  <’>|q  d,jr 

L->.«p  n  n  / 


(1  +  0 


■0  3  u  n 


We  estimate  the  various  terms  in  (4.24),  recalling  the  de- 

a 

finition  of  e  as  follows.  First  for  all  t  c  (tQ  — j-  6 R^,  tQ] 


2  p 

II  (u-k  )  ||  _  (t)  ?  0||  (u-k  )  +  ||  _  (t) 

**  n  \  • » 


2,B(Rn) 


P*B(Rn) 


Next 


+  P 


,0 


+  e_1||(u-kn)+|| 


2'qr  (ao> 
n 


} 


■  2(;^f  \  i<  ,R 

'2  /  u  n'  n 
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Then  from  (4.24)  dividing  by  o 


(4.25) 


sup 


(u-k  )  +  ||P  _  (t)  ♦  e_1||7  (u-kn) 


V-T  ORS't'to 


p,B(Rn) 


p.Qp  (a0) 


c  £L  / « V*  i  [  °  iaJ  r  (t) 

c7l?/  e  l  n  n 


dt 


„  .°aRP 
fc0  "j  Rn 


+  c>? 


tQ  £  \f(i+<)  P(^T"p)  + 

r  «wi,dt)  6 

'0  3  n 


The  change  of  variable  z  -  3(t-t0)/aQe  ,  transforms  QRJV 
and  (oQ)  respectively  into 


)„  2  B(*n)  ■  1-rJ.  t0)  .  0„  =  B(Rn)  -  l-Rj.  0)  • 


We 


also  set  v(x,z)  =  u(x,  tQ+-j-ez}  and. 


(z)  =  (x  <  B(Rn)  I  V(x,z)  >  kn) 


f0 

A  -  |An(z)idz  . 

1*  ip 
-R_ 


H 
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Then  (4.25)  can  be  rewritten  more  concisely  as 


(4.26) 


(v-Kn) 


,  C.  2nP, 


V  (Q)  R 
P  n 


-  (-=-=-)  A 

P  2S 


r  \  £  (!♦«)  pjllL-I) 


+  c[  | An (z ) !q  dz|  6  p  p 


-R1 


Let  x  -*  l  (x)  be  a  cutoff  function  in  B(R  )  which  equals 
n  n 

one  on  B(Rn+^)  and  | V x c n |  s  2n+^/R  .  Then  t  V^fQ^) 

and  by  Corollary  2.4 


(4.2/)  ||(v-kn) 


P » Q 


*  ii(v-k„)\„ir  _  •-  c  m»-kn)\ii' 


n+1 


P»Q 


P  n 


= c  Cp  (ih*-*,/ 


,p (n+2) 


V(Q  ) 
P  n 


l|(v-V  +  HP  1 
P'V 


Using  (4.26)  we  find 


(4.28) 


li:v-kn)  +  || 


P»Q 


s  C 


n+1 


l-(^Y  A  l* 
RP  \js  V  n 


N+p 


■*(C 


‘CA^P  „  |V,(«|’d.r  .  1  P 


P  n 
n 


f 


<  « 
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Since 


+  P 

(v-kB)  II 


p,Q 


n+. 


An.l 


recalling  the  definition  of  e,  from  (4. 23)  we  obtain 

(4.a.>  Vi  *  *  “P"  a*  (j°  »il-)ftX*‘> 

\  -Rn  ' 


R 


Set 


Yn  ■  T^T  !  Z"  ’  TbT 


Ml 


|An(*)  |q  dz]r  . 


Then  proceding  as  in  the  proof  of  lemma  3.1,  if  (4.22)  is  vio¬ 
lated  we  have  the  recursion  inequalities 


*ntl .  c  apn(*^  *  »;«> 


*„♦!  *  c  apn  «*„  *  «r»  • 


It  follows  from  these,  with  the  aid  of  lemma  5.7  of  [HI  page  96 
that  Yn  ,  Z„  -  °  ««  n  -  -  if 


_  1  +  K  - 

Y1  4  ®0  21  4  B0 
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where 


(4.30) 


Hq  =  nun  <  (  2C ) 


4 


_  n+£  _  n+£  _ 

P  2  d  ;  (2C)  *  2  ‘dS 


J 


d  =  min{s?F  ;  l^1 


Therefore  to  prove  the  lemma  we  choose  Bq  according  to  (4.30)  and 
then  s*  so  large  that  (4.21)  is  verified  for  this  choice  of  6^  . 

Arguing  as  in  Proposition  3.1  we  can  now  summarize  the  results 
of  this  section. 


Proposition  4.1  There  exists  a  positive  integer  s*  independent 

___  -  Q 

of  w  ,  R  such  that  if  (4.2)  holds  for  every  cylinder  QR  c  qr  , 
e  =  (2S  /0P  ^  »  then  either 


(4.31) 


,s*  +  l 


N* 


'1  -  1  ♦  (P-2) 


or 


(4.32) 


CSS  OSC  U  S  Ui 
QR/2(a0) 


where  is  the  number  claimed  by  Proposition  3.1  and 


°R/2(a0)  E  B(R/2)  *  {to"T0(I)P  '  t0}  ' 
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5.  Proof  of  the  Embedding  theorem 

Fust  we  remark  that  the  proof  presented  only  uses  the  fact 

2  s*  p“2 

that  tno  essential  oscillation  of  u  in  Q_  ,  •<  =  (- — )  is 

A  ui 

less  than  w  .  Since  this  is  not  a  priori  guaranteed  we  used  the 

device  of  introducing  the  cylinder  (see  (3.1))  to  claim  that 

61  N« 

if  0  is  not  included  in  Q 

H  K 

Nr 

ess  osc  u  s  m  s  2  R  ^  . 


Keeping  this  in  mind  we  now  iterate  the  process  described,  over  a 
sequence  of  nested  and  shrinking  cylinders. 

Let  s  =  max(s;s*+l)  where  s  is  the  number  claimed  by  Pro¬ 
position  3.1,  and  set 


nQ  -  1  -  -L  ;  6q  -  ;  cQ  -  2S 


All  these  numbers  are  independent  of  w  ,  R  .  Setting 


><P'2’  -nun,^*2'  ,  10  2s.(p-2, 


)  . 


both  Propositions  3.1  and  4.1  can  be  combined  by  stating  that  in 
either  case  we  have  the  following  alternative.  Either 

t5-1*  <*>  s  CqR  0  or 


(5.2) 


ess  osc 


u  s  w  n. 


u> 

1 


where 
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o 

Q 


0 


B<f> 


f.-writv'  • 


Obviously  (5.2',  remains  valid  if  we  take  the  essentail 

°  0 

lation  of  u  over  a  cylinder  contained  in  0 
We  set  Rq  =  2R  ,  and 


oscil- 


R 


1 


Then  the  cylinder 


e 

Q 

WR 


1  5 
1 


B(R1) 


>P 

V 


°0 

is  contained  in  Q 


and  ve  have 


P-2 


ess  osc  u  ",  31  1q 


Therefore  the  process  can  be  continued  starting  from  the  cylinder 
e, 

q  1  By  iteration  we  define  sequences 
*1 
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and  the  cylinders  QRn  £  MRn)  *  { tQ  -  &nR^,  tQ }  . 

n 

For  them  the  following  iteration  holds. 

Either 


(S.  3) 


*  C0Rn 


or 


(5.4)  ess  osc  u  s  u  *  n.  w  , 

n  0  n- 1 


The  theorem  is  now  a  straightforward  consequence  of  lemma  5.8 
of  [11]  page  96 . 

Part  II  Boundary  regularity 

Vie  say  that  a  function  u  :  -*  1R  belongs  to  the  class 

6p  (0?!.' C  y  » r  *  4  » •« )  if  u  satisfies  all  the  requirements  listed 
in  section  1,  with  the  only  difference  that  the  cylinders  Q(R,p) 
may  intersect  r  ,  and  the  various  integrals  in  (1.5)  —  (1.6)  are 
extended  over  Q(R,p)  n  and  B(R)  n  n  .  We  impose  an  extra 
requirement. 

The  cutoff  function  (x,t)  -*  c(x,t)  vanishes  on  3B(R)  , 

or  on  the  parabolic  boundary  of  Q(R*p)  ,  but  it  does  not  vanish 

on  r.  Because  of  this,  a  function  u  belongs  to  B  (ftmu r ,M, y , r , 4 , k ) 

P  * 

if  (1.5)-(1.6)  hold  for  all  the  levels  k  for  which 

(u-kl^P  - 


0  on  r  . 
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Given  such  a  requirement  it  is  immediate  to  see,  oy  following 
the  name  arguments  of  section  1,  that  a  weak  solution  u  of  (0.1) 
defined  in  „T  ,  belongs  to  r,M,y,r,4,t)  . 

The  proof  of  regularity  up  to  the  boundary  is  based  again  on 
inequalities  (1.5) -(1.6).  In  fact  it  is  much  simpler  since  we  may 
simplify  such  inequalities  by  making  use  of  the  information  coming 
from  the  boundary  data. 

6 .  Proof  of  Theorem  2 

O 

Let  xQ  >  Q  be  fixed  and  let  R  >  0  be  so  small  that 
B  ( R)  <-  n  .  We  consider  also  the  cylinder 

Q(R)  s  B (R)  *  [0,RP]  . 


As  before  we  set 


u  =  ess  sup  u  ;  u 
Q(R) 


=  ess  inf  u  ;  w  =  ess  osc  u 
Q(R>  Q  (R) 


If  the  initial  datum  uQ  satisfies  [A^]  we  set 


uq  =  ess  sup  u_  ;  =  ess  inf  u_  ;  *  =  ess  osc  u_ 

B(R)  U  U  B (R)  0 


B  (R) 


Let  sQ  be  the  smallest  positive  integer  satisfying 


(6.1) 


ML 


<■  6  , 


where  6  is  the  nunber  introduced  in  (1.15).  We  consider  the 
following  two  cases. 

Case  1  The  inequalities 
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(6-2) 


both  hold,  or 


Case  2  at  least  one  of  (6.2)  is  violated. 

In  case  1,  subtracting  the  second  inequality  from  the  first 
we  obtain 


(6.3)  ess  osc  u  s  2  ess  osc  u.  . 

Q(R)  B  (R) 

To  examine  Case  2,  suppose  for  example  that  the  second  of 
(6.2)  is  violated.  Then 

(6.4)  (u-  ( ♦  -—•)  )  (x,0)  -  0  ,  Yx  c  B (R)  ,  Vs  z  sn  . 

2s  0 

Let  x  -*  t  (x)  be  a  smooth  cutoff  function  in  B(R)  which 
equals  one  on  B(R-oR)  ,  o  t  (0,1)  and  such  that  I v  xc  I  s  (oR)' 
Then  proceeding  as  in  section  1  and  making  us  of  (6.4)  we  deduce 
that  the  following  two  inequalities  hold. 
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2 

(6.5)  sup  ||  (u-  (u  +  -^r)  )  || 

Ot<RP  2  2  ,  B  ( R  -  o  R ) 


+ 


'p  (R-oR) 


Vx  (u-  (i. 


_  P 

+  — ))  |  dx  d : 

2S 


(oR) 


'—p  \\  I  (u-  (u"  + 

d \ P  J ;  i8* 


)  )  |  dx  dr 


3  (R) 


/  f  RP  -  \E 

y(  |A“  (T)|qd1]r 

VO  u‘+Ji.R  / 


(  1+0 


(6.6) 


OsStsP«P 


2  ^H~  ,  (u-  (u~  +  -~)  )  •  v^dx 


B (R-oR) >  (t ) 


(oR)' 


J  i^H~,(u-(u  + 


Q(R) 


>u(h  »(u-(u  +  ~)  )  tv'j 


2-p 


dx  d  t 


*  £  (in  lv^,--)t<1^ 


These  inequalities  hold  (in  view  of  (6.4))  for  aU  s  ^  s^  . 
The  proof  can  now  be  completed  as  follows.  First,  using  (6.6) 
and  the  procedure  of  lemma  3.2,  given  any  a ^  >  (0,1)  we  can  find  a 
positive  integer  s^  such  that  either 


+ 
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(6.7) 


R  P  4  2  u>/2  1  ;  C_1  -  1  ♦  -  i)  (p-2) 


or 


(6.8) 


(x  / 1 )  <  B  (R/2)  *  ( 0 , RP]  |  u  (x ,  t )  <  u"  t- 


s  a | B (R/2)  *  10, RP] j  . 


Second,  using  (6.S)  and  the  procedure  of  lemma  3.3  we  deduce 
that  either  (6.7)  holds  or 


(6.9) 


u(x,t)  >  U 


v(x,t) 


B(R/4)« [0,RP]  . 


These  facts  are  much  easier  to  establish  than  the  corresponding 
ones  in  the  quoted  lemmas.  In  particular  in  establishing  (6.9)  no 
shrinking  occurs  in  the  t-direction.  This  is  dut  to  (6.4),  and  the 
relatively  simple  form  of  (6.5)-(6.6). 

Combining  these  remarks  and  recalling  the  definition  of  Q (R) 
we  deduce  that 


(6.10) 


Nk 

-5-6 

ess  osc  u  s  max  (n  ess  osc  u  ;  CR  r  ;  ess  osc  u_ )  , 
Q (R/4 )  Q (R)  B(R) 


where 
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fe  9 


Q®  S  B(p)  «  {t0'ODP,  tQ)  ,  o  <  o  <  2R 


^p*°l'°2*  =  BJo-o^o)  *  { tQ  -  6  (l-o2)  P  P*  tQ  } 


where  t  (0,1)  ,  i  -  1,2  and 


(7.3) 


-(4) 


a*\p-2 


and  s*  is  a  large  positive  integer  to  be  chosen. 
If  62  (2R)~C  we  have 


(7.4) 


u)  s  2s*  ( 2R) -  2S*  (2R)  p 


If  (7.4)  does  not  hold,  then  6  <  (2R)  and 


Q2R  c  °2R  ’ 


We  will  assume  that  such  inclusion  holds,  in  what  follows. 
Defining  sQ  as  in  (6.1),  we  may  also  assume  that  at  least 
one  of  the  two  inequalities 


(7.5) 


+  ttl  +  -  Ul  — 

®o  80  1 

2  2 


does  not  hold.  In  fact  if  both  are  satisfied  we  have 


u  s  2  ess  osc  f  . 
°2R  °  ST 


(7.6) 


ess 
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the  domains  of  integration  in  (7.8)  may  be  considered  to  be 

6  6 

0  (o1,o2)  ,  0  ,  B(p-Ojp)  . 

By  virtue  of  assumption  [A^J  ,  for  all  t  <  ( tg  -  Qp^tg] 


lx  t  B(p)|u(X,t)  >  u+  -  *^r|  <  (1— (B(p)  |  ,  Vp  s  2R  . 

2® 


Consequently  the  assumptions  of  lemma  4.4  are  verified,  and 
given  eQ  <  (0,1)  we  may  find  s*  c  H  such  that  either 


(7.9) 


iht  5  rP  ■  t'1  ■  1  *  <P-2>  - 


or 

(7.10)  |(x,t)  c  Q®  |  u(x,t)  >  <  S0  IQ®  I  . 

Remark:  The  choice  of  s*  will  determine  also  the  size  of  the 
0 

cylinder  0R  (see  (7.3)).  As  shown  in  lemma  4.4.  such  a  choice 
can  be  made  a  priori,  independent  of  u>  and  R  . 

Finally  by  the  method  of  lemma  4.5,  and  usinq  inequalities 
(7.8),  we  conclude  that  either  (7.9)  holds  or 

uu,t>  5  »+  -  ,  v(x.t)  ,  q®/2  . 


Combining  the  various  alternatives  presented,  we  have 
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(7.11) 


ess  osc  u  r  maxi n  ess  osc  u 
^R/2  r'  nT  Q2R 


Nk 


CR 


P 


C 


ess  osc 
°2R  "  S 


f  > 
T 


Vv’jH'I  C 


=  1 


,s*  +  l 


C  -  2 


s  *  + 1 


r1  -  i 


,1  +  K  1.  .  -. 

<— -p)  <P“2> 


Interation  of  (7.11)  yields  Theorem  3. 


Remark  The  proof  of  Corollary  0.1  follows  from  the  previous 
arguments  except  for  proving  regularity  at  points  (Xq,0)  e  31)  *  (0)  . 
The  latter  case  can  be  demonstrated  by  a  straightforward  adapta¬ 
tion  of  the  previous  methods. 


8.  Proof  of  Theorem  4 

The  proof  is  essentially  the  same  as  for  the  interior  regu¬ 
larity  and  it  is  based  on  the  arguments  of  sections  2-5,  except 
that  rather  than  working  with  cylinders  of  the  type 
Q(R,p )  =  B (R)  *  { tg-P ,  tg )  we  will  be  working  with  cylinders 
C(R,p  )  :  B  (R)  n  fl  *  { tQ- P,  tQ  }  . 

First  we  indicate  how  to  derive  inequalities  analogous  to 
( 1 . 5)  -  (1 . 6)  . 

Let  Xpt  38  be  fixed  and  consider  the  portion  of  the  boundary 
3ft  given  by 


S0(R)  =  an  n  ( j  x— xQ |  <  R)  . 

Since  an  is  of  class  C1  and  our  arguments  are  local  in  nature, 
we  may  assume,  without  loss  of  generality  that  Sg (R)  lies  on 
the  hyperplane  xN  ■  0  and  that  for  example 
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B(R)  n  0  c  fx  >  0)  . 

If  (xQ#t0)  t  ST  ,  consider  the  cylinder 

(8.1)  C(R,p)  H  { B (R)  n  Q>  *  (tg-p,  tQ )  , 

where  p  >  0  is  so  small  that  tg  -  p  >  0  . 

Let  (x,t)  -*■  c(x,t)  be  a  piecewise  smooth  function  defined  in 
Q(R,ot  such  that  0  s  c  s  1  and  4(x,*)  -  0  for  x  c  3B(R)  .  We 
observe  that  c  vanishes  on  the  lateral  boundary  of  Q(R,p)  and 
not  on  the  lateral  boundary  of  C(R,p)  .  We  write  (0.16)  is  terms 
of  the  Steklov  averagins  and  take  test  functions  of  the  type 

±<uh-k)ttp 

where  k  c  IR  satisfies  the  restriction 

and  6  is  defined  in  (1.15).  Performing  exactly  the  same  calcu¬ 
lations  and  limiting  processes  described  in  the  proof  of  Proposi¬ 
tion  1.1,  we  arrive  at  inequality  (1.5),  with  the  domains  of  inte¬ 
grations  being  now  B(R)  n  n  and  C(R,p)  ,  and  with,  on  the  right 
hand  side  the  extra  boundary  integral 
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(8.2)  sup 


t0-stst0  B(R)  A 


|(u-k)±l2cp(x,t)dx  ♦  |j  jvx(u-k)t|pCPdxdT 


C  (R, 3  ) 


8  (R)  na 


2  p 

[  (u-k) 1 )  C  (x,t0-r)dx  4  7  ||  Uu-k)tlp|vxc|PdxdT 


C  (R*  p) 


+  ||  l  (u-k) S)2  ;p_1  ct  dxd*  4  yA  (meas  R(r)  ]9dr\ 

C(R,o)  Vt.-p  '  / 


2(14. 


f  0  * 

+  Y  [meas  R(t)JdT  . 


Vp 


In  order  to  derive  an  inequality  similar  to  (1.6)  we  proceed  as  in 
the  proof  of  Proposition  1.1  and  in  addition  we  treat  the  boundary 
integral 


g  (x, x ,u) ’ tpdo  dt  , 
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by  transforming  it  into  an  interior  integral  over  C(R,p)  as 
indicated  above.  As  a  result  we  obtain  the  inequalities 


(8.2) 


su& 

■  T  •  t' 


! 

B  (R) 


<t>*  (h'  ,  (u-k)  !,wj;p(x(t)dx 


S  j  .  (U-k)  ±,v^tp(x,t0- 


dx 


B(R)  nf, 


Y  |j  *  (H4  ,  (u-k)  +  ,  v)  l  *  (H’  ,  (u-k)  "  ,  v)  |  2  Ppxc|  dx  dr 


C  (R,  p) 


•  *  ('•  ^Ov 


* 


[meas  A^  R  (t  )  P  dx 


f° 


+  I  ~  [meas  A'  R(T)  J  dt 
’O' 


Kith  these  inequalities  at  hand,  the  proof  can  now  be  completed 
exactly,  step  by  step,  as  in  the  proof  of  interior  regularity. 

The  only  significant  modification  regards  the  proof  of  the  recur¬ 
sion  inequalities  (3.8)- (J. 9)  in  lemma  3.1  (and  similar  inequalities 
in  lemmas  3.3  and  4.5).  For  these  we  used  the  embedding  of  Corollary 
2.4  valid  for  functions  u  «  V  (C(R,P))  .  In  our  case  (u-k)4cp  does 
not  vanish  on  the  lateral  boundary  of  C(R,p)  and  therefore  we  must 
use  (2.8)  with  the  constant  C  given  by  (2.9).  We  observe  however 

that  for  domains  of  the  type  IlilR)  n  «}  »  *p,0}  ,  the  constant 

in  (2.9)  is  independent  of  R  . 
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Finally  the  last  modification  occurs  in  the  use  of  DeGiorgi's 
inequality  (2.7)  (employed  in  lemma  4.4). 

Now  such  inequality  holds  for  convex  domains  (see  Remark  2.1) 
and  therefore  (2.7)  holds  with  B(R)  replaced  by  B(R)  n  n  ; 

B  (R)  n  { x^j  >  0 )  .  The  remainder  of  the  proof  stays  unchangeu. 
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